A generalized Latin square of type (n, k) is an n × n array of symbols 1, 2, . . . , k such that each of these symbols occurs at most once in each row and each column. Let d(n, k) denote the cardinality of the minimal set S of given entries of an n × n array such that there exists a unique extension of S to a generalized Latin square of type (n, k). In this paper we discuss the properties of d(n, k) for k = 2n − 1 and k = 2n − 2. We give an alternate proof of the identity d(n, 2n − 1) = n 2 − n, which holds for even n, and we establish the new result d(n, 2n − 2) n 2 − 8n 5 . We also show that the latter bound is tight for n divisible by 10.
Introduction
The study of Latin squares has long traditions in combinatorics. The books [3, 4] serve as reference books to the theory on Latin squares. Latin squares have various notable connections to discrete mathematics [7] . In particular, numerous problems for Latin squares naturally translate into problems in graph theory [2] . The problem of the cardinality of defining sets in graph colorings or Latin squares is one of these problems and is the focus of this paper. Results related to this problem can be found in [1, 5, 6, [8] [9] [10] .
A Latin square of order n is conventionally defined as an n × n array of symbols 1, 2, . . . , n such that each of these symbols occurs at most once in each row and each column. In this paper we study a natural generalization of Latin squares, where we allow the number of symbols to vary independently of the size of the array. A generalized Latin square of type (n, k) is an n × n array of symbols 1, 2, . . . , k such that each of these symbols occurs at most once in each row and each column. Let L(n, k) denote the set of all generalized Latin squares of type (n, k).
It is natural to think of a generalized Latin square of type (n, k) as of an n × n square which is colored with k colors denoted 1, 2, . . . , k, such that no color appears twice in any row or column. We adapt this way of viewing a generalized Latin square. We use the term cell to refer to each position in the square. We use the term entry to refer to the color that appears in a cell, as well as to refer to a colored cell (it will be clear from the context which meaning is used).
Enumerate the columns of an n × n square from left to right and the rows from top to bottom with numbers 1, 2, 3, . . . , n, so that we have a convenient way of referring to any cell of the square. Denote the cell in the intersection of ith row and j th column by (i, j ) . A coloring of a square is called a partial coloring if not all of the cells of the E-mail address: karola@math.mit.edu. 1 Present Address: 305 Memorial Drive 401A, Cambridge, MA 02139, USA. square are necessarily colored. The cells to which the partial coloring does not assign a color are said to be uncolored. A partial coloring is said to extend to L(n, k) if there is a way to color the uncolored cells of the given n × n square such that the resulting entirely colored square is in L(n, k). A partial coloring uniquely extends to L(n, k) (can be uniquely extended, is uniquely extendable, etc.) if there is exactly one way to extend it to a square in L(n, k). A defining set of the k-coloring for a square of order n is the set of colored cells of a partial coloring of an n × n square such that the partial coloring uniquely extends to a square in L(n, k). A defining set with minimum cardinality is called a minimum defining set and its cardinality is the defining number, denoted by d(n, k). A defining set of the 5-coloring of a square of order 4 is presented in the figure below.
For k > 2n−1 it is clear that d(n, k)=n 2 . However, the case n k 2n−1 is not trivial. Moreover, for n k < 2n−1, the values of d(n, k) are unknown. In their paper Mahdian and Mahmoodian [8] discuss the value d(n, 2n − 1), and prove that d(n, 2n − 1) = n 2 − n for n even, while d(n, 2n − 1) = n 2 − n + 1 for n odd and greater than 1.
In Section 2 of this paper we give an alternative construction showing d(n, 2n − 1) = n 2 − n for n even. We exploit this construction in Section 5 in the process of determining d(n, 2n − 2). In Section 3 we develop the tools for proving our main result d(n, 2n − 2) n 2 − 8n 5 , while Sections 4 and 5 accomplish this task as well as the verification that the bound is tight for n divisible by 10.
A construction showing d(n, 2n − 1) = n 2 − n for n even
It was shown that d(n, 2n − 1) = n 2 − n for all even n [8] . We present an alternate proof here. It is easy to see that a partial coloring of an n × n square A cannot be extended to L(n, k) uniquely if there are more than n uncolored cells of A. This observation immediately shows d(n, 2n − 1) n 2 − n. Therefore, if we show a partial coloring of an n × n square with exactly n 2 − n colored cells, n even, which can be uniquely extended to L(n, 2n − 1), then we have shown the identity d(n, 2n − 1) = n 2 − n for n even. This is what we accomplish in the following construction.
Construction.
Given an n × n square A, denote the union of the ith row and j th column by u(i, j ) = {(h, w)| (h = i and (1 w n)) or (w = j and (1 h n))}. We color A with 2n − 1 different colors 1, 2, . . . , 2n − 1.
Color the cells (i, j ) of A, where i = n and i > j with color i + j (mod n − 1). This partial coloring ensures that the entries in u(i, i) are distinct. For the n−2 used colors are {i+1, i+2, . . . , i+(i−1), (i+1)+i, (i+2)+i, . . . , (n−1)+i} (mod n − 1), and if i + j 1 ≡ i + j 2 (mod n − 1), (1 j 1 , j 2 n − 1) then j 1 ≡ j 2 (mod n − 1), and thus j 1 = j 2 . Next, we color (n, i) for 1 i n − 1 with color 2i (mod n − 1), and so the n − 1 entries in u(i, i) have colors
Note that the n − 1 entries in the nth row ((n, i), 1 i n − 1) are distinct since 2i 1 = 2i 2 (mod n − 1) when n is even and
So far the cells which are colored in u(i, i) contain distinct symbols (i.e. colors). Now we color (j, i) with k + n if (i, j ) has color k. This produces a partial coloring of A such that there are no symbols (colors) on the main diagonal, but for each i = 1, 2, 3, . . . , n the 2n − 2 entries from u(i, i) are colored with the set of colors {1, 2, . . . , 2n − 1}\{n}. Thus, the only possible color for the cells on the main diagonal is n. Therefore, the above construction provides a partial coloring (with exactly n 2 − n entries) of an n × n square, for any even n, which uniquely extends to L(n, 2n − 1). This completes the proof of d(n, 2n − 1) = n 2 − n for n even.
Properties of Latin squares in L(n, 2n − 2)
In this section we prove that certain partial colorings of an n × n square A would prohibit a unique extension of the partial coloring to L(n, 2n−2). The specific features of these partial colorings enable us to prove d(n, 2n−2) n 2 − 8n 5 in Section 4.
To switch the ith and the j th row of a partially colored n × n square A means the following. Consider cells (i, k) and (j, k) for all 1 k n. If (i, k) and (j, k) are both colored, switch their colors. If (i, k) and (j, k) are both uncolored, do nothing. If (i, k) is colored, and (j, k) is not, then color (j, k) with the color of (i, k), and make (i, k) uncolored. Finally, if (j, k) is colored, and (i, k) is not, then color (i, k) with the color of (j, k), and make (j, k) uncolored. To switch the ith and the j th column of a partially colored n × n square A is defined in an analogous manner. To rearrange A means to switch some of its rows and columns. A partially colored square B obtained by rearranging a partially colored n × n square A is called a rearrangement of A. Given a partially colored n × n square A, and one of its rearrangements B, the partial coloring of A uniquely extends to L(n, k) if and only if the partial coloring of B uniquely extends to L(n, k). An available color for an uncolored cell (i, j ) (1 i, j n) in a partially colored square A is one of the k colors which does not appear as a color of the entries of u(i, j ). Clearly, in order to be able to talk about available colors, the type (n, k) of the generalized Latin squares has to be specified. The set of available colors for uncolored cell (i, j ) is denoted by a(i, j ). Also, we denote the color of cell (i, j ) by c(i, j ). 
Proof.
We assume that such a configuration does appear in a uniquely extendable partial coloring and obtain a contradiction.
Consider a partial coloring of an n×n square A that uniquely extends to L(n, 2n−2), such that A has three uncolored cells in the same row or column. Without loss of generality we may suppose that cells (1, 1), (1, 2) and (1, 3) of A are uncolored, since the three uncolored cells can be in a row without loss of generality and we can rearrange the columns.
Color all yet uncolored cells of A except (1, 1), (1, 2) and (1, 3) according to the unique extension to L(n, 2n − 2). The partial coloring of A just described is also uniquely extendable to L(n, 2n − 2). We, however, prove that if the partial coloring of A (with only uncolored cells (1, 1), (1, 2) and (1, 3)) can be extended to any generalized Latin square in L(n, 2n − 2), then it can be extended to more then one generalized Latin square in L(n, 2n − 2), thus, contradicting the uniqueness of this extension.
Note that each of the three cells (1, 1), (1, 2) and (1, 3) has at least two available colors, since the maximum number of different entries in the union of the row and column containing each of them is n − 3 + n − 1 = 2n − 4, and we are using 2n − 2 colors. We now consider two cases based on the cardinality of the sets a(1, 1), a(1, 2) and a (1, 3) .
Suppose that one of |a(1, 1)|, |a(1, 2)| and |a(1, 3)| is at least 3. Without loss of generality we may suppose that |a(1, 1)| 3. Let e, f ∈ a(1, 3), e = f . If we set c(1, 3) = e then there is at least one remaining available color for (1, 2) and at least one of the three colors which were available at the beginning are still available for (1, 1), so we can complete the coloring to a generalized Latin square L 1 ∈ L(n, 2n − 2). Similarly, if we color (1, 3) with f, we can complete this partial coloring of A to a different generalized Latin square L 2 ∈ L(n, 2n − 2). This is a contradiction.
Suppose now that |a(1, (1, 3) are equal, then, once given a way to color these three cells so as to obtain a generalized Latin square L 1 ∈ L(n, 2n − 2), we can simply permute the colors of the two cells which had the same set of available colors and obtain a coloring which gives a different generalized Latin square L 2 ∈ L(n, 2n − 2). This would contradict unique extendability to L(n, 2n − 2). Furthermore, if two of the sets a(1, 1), a(1, 2), a(1, 3) are disjoint, then we can color the two cells with disjoint sets of available colors in four ways and at most one of these ways uses both colors that were at the beginning available for the third cell. Therefore, there would be at least three different generalized Latin squares from L(n, 2n − 2) which we could obtain. Thus, the only sets of available colors which may yield a unique extension of coloring to L(n, 2n − 2) are: 
Consider a partial coloring of an n × n square A that uniquely extends to L(n, 2n − 2), such that A has four uncolored cells forming the vertices of a rectangle. Without loss of generality we may assume that the four uncolored cells forming a rectangle are in positions (1, 1), (1, 2), (2, 1), and (2, 2). Call this set of four uncolored cells in positions (1, 1), (1, 2), (2, 1), and (2, 2) configuration 1.
Color the uncolored cells of A except the four in configuration 1 according to the unique extension to L(n, 2n − 2). The new partial coloring of A remains uniquely extendable to L(n, 2n − 2). Note that all four cells (1, 1), (1, 2), (2, 1) and (2, 2) have at least two available colors, a, b
Without loss of generality we may suppose that if we color (1, 1) with b, then the partial coloring can be uniquely extended to L(n, 2n − 2). It follows that if we color (1,1) with a, then we cannot extend the coloring to L(n, 2n − 2).
We now show that a ∈ {c, d} and a ∈ {e, f }.
= "whichever of g, h is not equal c" and c(2, 1) = "whichever of e, f is not equal to the color of (2, 2)" would be a possible coloring (assume a = c), which would contradict our previous observation that we cannot extend the coloring if c(1, 1) = a. Thus, a ∈ {c, d} and a ∈ {e, f }, and, without loss of generality, a = f and a = d.
Furthermore, {e, c} = {g, h}. Indeed, suppose {e, c} = {g, h}. Then c(1, 1) = a, c(1, 2) = c, c(2, 1) = e and c(2, 2)="whichever of g, h not in {e, c}" would complete the coloring of A, contradicting that c(1, 1) cannot be a.
Finally, having a =f =d and {e, c}={g, h} implies that we could extend A to L(n, 2n−2), by coloring configuration 1 in two different ways presented below. This is the final contradiction proving the lemma. (ii) The set of available colors for (k 
Proof. (i)
Consider a partial coloring of an n × n square A that uniquely extends to L(n, 2n − 2), such that A contains uncolored cells as described in the lemma. Since a is the only available color for (k, l), the other 2n − 3 colors must all appear in u(k, l). Since (k, l + 1) is also uncolored, there are at most 2n − 3 entries in u(k, l), so in fact, each color appears in exactly one cell in u(k, l).
Let d be the color of (k + 1, l). Since a, b, c are available colors in the neighboring cells, d / ∈ {a, b, c}. As d appears exactly once in u(k, l), it does not appear in row k. Since d / ∈ a(k, l + 1), it must appear in column l + 1. Thus d appears twice in u(k + 1, l + 1). But since at most 2n − 4 cells are colored in u(k + 1, l + 1), and as exactly two colors are available for (k + 1, l + 1), each of the 2n − 4 colors not available for (k + 1, l + 1) must appear exactly once in u(k + 1, l + 1). This is a contradiction since we observed earlier that d violates this restriction.
(ii) The proof is analogous as in (i).
Lemma 4. If a partial coloring of an n × n square A uniquely extends to L(n, 2n-2), then there are no five uncolored cells in A making the configurations shown below ( placed in a cell means that the cell is uncolored, while we do not impose anything on the cells in which we did not place any mark).
Proof. Call the configuration of the five uncolored cells as depicted on the left of the above figures configuration 2.
We prove the statement of the lemma for configuration 2 only, since the proof for the other configuration proceeds in a similar manner. Assume that the partial coloring of A contains configuration 2 and it uniquely extends to L(n, 2n − 2). Suppose, without loss of generality, that the leftmost cell of configuration 2 is in position (1, 1) . Color all uncolored cells of A, except the cells of configuration 2, according to the unique extension to L(n, 2n − 2). The thus obtained partial coloring of A with only uncolored cells the cells of configuration 2 uniquely extends to L(n, 2n − 2). Consider this new partial coloring. Observe that there is at least one available color for cells (1, 1) and (3, 3) , and there are at least two available colors for (1, 2), (2, 2) and (2, 3) . In the following we examine the possible cardinalities of a (1, 1), a(1, 2), a(2, 2), a(2, 3) and a(3, 3) .
We now prove that without loss of generality |a(1, 1)| = 1, and all the entries in the first row and first column (that is the colors of the cells in u(1, 1) except (1, 1) and (1, 2)) are distinct.
If there were at least two available colors for all five cells of configuration 2, then there would be at least two different ways to color these five cells and obtain a generalized Latin square L ∈ L(n, 2n − 2), since taking any of the (at least two) available colors for (1, 1) we would be able to color the other cells of configuration 2 to obtain a generalized Latin square a L ∈ L(n, 2n − 2). This would contradict that the partial coloring extends uniquely to L(n, 2n − 2). Thus, (1, 1) or (3, 3) has only a single available color. Without loss of generality, let (1, 1) have exactly one available color. This also implies that all the entries in the first row and first column are distinct.
Next we show that |a(1, 2)|, |a(2, 2)|, |a(2, 3)| might be 2 or 3, and |a(3, 3)| must be 1.
It is easy to see that if any of the cells (1, 2), (2, 2), (2, 3), (3, 3) have four available colors then the partial coloring of A could not extend uniquely to L(n, 2n − 2). Thus the options for the cardinality of a(1, 2), a(2, 2), a(2, 3) are 2 or 3, while for a(3, 3) the options are 1, 2 or 3. In the following we rule out the possibility of 2 or 3 available colors for (3, 3) .
It is obvious that if |a(3, 3)| = 3, then the coloring is not uniquely extendable to L(n, 2n − 2). Now, suppose a(3, 3) = {g, h}, g = h. Since the partial coloring uniquely extends to L(n, 2n − 2), one of g or h, let it be g without loss of generality, has to be an available color for (2,3) and we have to be forced to set c(2, 3) = g so as to obtain a L ∈ L(n, 2n − 2) after the coloring of the five uncolored cells. Thus, a(2, 3) = {g, f } and f ∈ a(2, 2), such that we are forced to set c(2, 2) = f . This implies a(2, 2) = {f, e} and a(1, 2) = {e, c}, while a(1, 1) = {e}. However, if the sets of available colors were as just described, then cells (1,1), (1,2),(2,2), (2,3) constitute case (i) of Lemma 3. Therefore, there cannot be two available colors for (3, 3) .
Thus, |a(1, 1)| = |a(3, 3)| = 1, and |a(1, 2)|, |a(2, 2)|, |a(2, 3)| are 2 or 3. We now examine the possible cardinalities of a (1, 2), a(2, 2) , a(2, 3) in more detail.
Suppose that |a(1, 2)| = |a(2, 2)| = |a(2, 3)| = 2. After coloring (1,2) or after coloring (2,3) the number of available colors for (2,2) decreases to 1. If the number of available colors for (2, 2) decreased after the coloring of (1,2), then the number of available colors of (1,2) decreased after coloring (1,1) but then cells (1, 1), (1, 2), (2, 2) and (2, 3) constitute case (i) of Lemma 3 contradicting the unique extendability to L(n, 2n − 2). On the other hand, if the number of available colors of (2, 2) decreased after coloring (2, 3) , then the number of available colors of (2, 3) decreased after coloring (3, 3) , but then cells (3, 3), (2, 3), (2, 2) and (1, 2) constitute case (ii) of Lemma 3 contradicting the unique extendability to L(n, 2n − 2). Thus, it is impossible that there are exactly 1, 2, 2, 2, 1 available colors for cells (1, 1), (1, 2), (2, 2), (2, 3), (3, 3), respectively.
Suppose that |a(1, 2)| = 3. It follows from our assumption of unique extendability to L(n, 2n − 2) that the available colors must be as depicted in the figure below; colors c 1 , c 7 , c 8 are different, as are c 6 , c 8 and c 6 , c 4 :
However, in this case, cells (1,2), (2,2), (2,3), (3,3) constitute case (ii) of Lemma 3, which is a contradiction; thus, |a(1, 2)| = 3. If there were three available colors for (2, 3) we would obtain a contradiction in the same manner (case (i) of Lemma 3 is used).
The last remaining possibility is to suppose that |a(2, 2)| = 3, and |a(1, 2)| = |a(2, 3)| = 2. Then, the available colors must be as depicted in the figure below. The names of the colors are c 1 2) . Therefore, c 6 is a color of some cell in u(1, 2). However, it cannot be an entry in the 1st row, since |a(1, 1)| = 1 and so all the entries of u(1, 1) must be different. Thus, c 6 is a color of some cell in the 2nd column. Analyzing c (3, 2) in an analogous way we obtain that c(3, 2) is a color of some cell in the 2 nd row. Since there are exactly three available colors for (2,2) we conclude c(2, 1) = c(3, 2) = c 6 , since otherwise there could not be 2n − 5 different colors among the entries of u(2, 2). Let c(1, 3) = l. Then l / ∈ {c 1 , c 2 , c 3 , c 5 } and l = c 6 since there is exactly one available color for (1,1). If l = c 4 , then l is among the entries of u(2, 2). However, l is not a color of some entry in the 2nd row since (2,3) has exactly two available colors, nor in the 2nd column since (1,2) has exactly two available colors. Therefore, l = c 4 Note that c 2 must appear in u(1, 1) since (1,1) has exactly one available color. Since c 2 ∈ a(1, 2), it cannot appear in the 1st row so it appears in the 1st column.
Denote by C i the set of colors used in the entries of the ith column, and by R i the set of colors used in the entries of the ith row. Let A = C 1 \{c 2 , c 6 }. Note that {c 2 , c 6 } ⊂ C 1 , and c 2 = c 6 , since c(2, 1) = c 6 and c 2 ∈ a(2, 2). Note that |A| = n − 3. Let B = R 1 \{c 4 }. Note that |B| = n − 3. The intersection of any two of the sets A, B, and {c 1 , c 2 , c 4 , c 6 } is empty, since there is exactly one available color for (1, 1) .
In what follows we examine two cases according to whether or not c 1 = c 3 .
Suppose c 1 = c 3 . We have C 1 = A ∪ {c 2 , c 6 } and R 1 = B ∪ {c 4 }. Analyzing the available colors for (1,2) we get that C 2 = A ∪ {c 6 }. Similarly, considering the available colors for (2,2) we see that R 2 = {c 6 } ∪ B (c 6 / ∈ B). Since a(2, 3) = {c 1 , c 5 } and a(3, 3) = {c 5 } we get that R 3 = {c 1 , c 6 } ∪ B, and since c 1 / ∈ C 1 column (since c 1 ∈ a(1, 1)), this means that c(3, 1) ∈ B. However, this contradicts that all the entries of u(1, 1) have different colors (which is necessary in order for (1, 1) to have exactly one available color). Thus, c 1 = c 3 .
Note also that c 3 must appear in u(1, 2) since (1,2) has exactly two available colors (c 3 / ∈ {c 1 , c 2 }), but since c 3 ∈ a(2, 2), then c 3 / ∈ C 2 , so c 3 ∈ R 1 . Let A be as defined above, and let B 1 = R 1 \{c 3 , c 4 a(2, 3) . Also, |B 1 | = n − 4. The intersection of any two of the sets A, B 1 , and {c 2 , c 3 , c 4 , c 6 } is empty since there is exactly one available color for (1, 1) . Note that C 1 = A ∪ {c 2 , c 6 } and R 1 = B 1 ∪ {c 3 , c 4 }. Analyzing the available colors for (1,2) we get that C 2 = A ∪ {c 6 }. Similarly, considering the available colors for (2,2) (and recalling c 1 / ∈ {c 2 , c 3 , c 4 }) we deduce R 2 = {c 6 } ∪ B 1 ∪ {c 1 } (c 1 , c 6 / ∈ B 1 ). Since (2,3) has exactly two colors available, once we color (3, 3) with c 5 , the colored entries of the 3rd column contain the set of colors A ∪ {c 2 , c 4 } ∪ {c 5 }.However, c(3, 1) ∈ A ∪ {c 2 }, and obviously c 5 = c (3, 1), since c 5 ∈ a(3, 3) . But then c(3, 1) is a color in the 3rd column. Then, however, it is impossible that there was exactly one available color for (3, 3) . This is the final contradiction proving Lemma 4.
A lower bound for d(n, 2n − 2)
In this section we prove an upper bound on the number of possible uncolored cells in a partial coloring that uniquely extends to L(n, 2n − 2), giving a lower bound for d(n, 2n − 2). (iii) Once this process is finished, let the lowest and rightmost uncolored cell which is part of a configuration 3 or 4 be (n − n 1 , n − n 2 ). (Naturally, if there are no configurations 3 or 4 at all, let n 1 = n 2 = 0.) The further manipulation of uncolored cells occurs in the n 1 × n 2 rectangle in the lower right hand side of the n × n square. Let this n 1 × n 2 rectangle be B. Note that the only uncolored cells outside of B are those of the configurations 3 and 4 since there cannot be any other uncolored cells in a row or column which contains a cell of configuration 3 or 4.
In B there might be some rows in which there are exactly two uncolored cells such that in the columns of these uncolored cells there are no more uncolored cells. Also, there might be some columns in which there are exactly two uncolored cells such that in the rows of these uncolored cells there are no more uncolored cells. (By Lemma 1 there cannot be rows or columns with three or more uncolored cells.) If there are more such rows or more such columns, then by switching rows and columns we can obtain configuration 5 or configuration 6 as depicted on Figs. 3 and 4 . By switching rows and columns, create as many of these configurations 5 and 6 as possible, and shift them to the upper left-hand-corner of B without changing the position of rows or columns already containing shifted configurations. We stop the process when there are no more four uncolored cells not yet in a configuration 5 or 6 which could constitute either configuration 5 or 6 by means of rearrangement without changing the position of rows or columns already containing shifted configurations. Once this process is finished, let the lowest and rightmost uncolored cell which is part of a configuration 3, 4, 5 or 6 be (n − k, n − l). The further manipulation of uncolored cells occurs in the k × l rectangle in the lower right-hand side of B (which is the lower right-hand side of the original n × n square). Call this k × l rectangle C. Without loss of generality l k. Note that all of the uncolored cells which are not in C are cells of some configuration 3, 4, 5 or 6.
Rectangle C contains at most one row with two uncolored cells such that the columns of these uncolored cells contain no more uncolored cells and at most one column with two uncolored cells such that the rows of these uncolored cells contain no more uncolored cells (since otherwise we could obtain some more of configurations 5 or 6). If there is some row with two uncolored cells such that the columns of these uncolored cells contain no more uncolored cells, switch columns so that the uncolored cells get next to each other, and let such a configuration of two such uncolored cells be named configuration 7, as depicted on Fig. 5 . Analogously, if there is some column with two uncolored cells such that the rows of these uncolored cells contain no more uncolored cells, switch rows so that the uncolored cells get next to each other, and let such a configuration of two such uncolored cells be named configuration 8, as depicted on Fig. 6 .
Let the configurations of three uncolored cells from Figs. 7 and 8 be configuration 9 and configuration 10, respectively. By switching rows and columns obtain as many of configurations 9 and 10 as possible, without changing the position of rows or columns already containing shifted configurations. Note that there cannot be an uncolored cell which could be both in a configuration 9 and a configuration 10 depending on which switch we choose, since there can be no three uncolored cells in one row or column, and no more of configurations 3 and 4 were obtainable. From the previous and Lemma 2 it follows that there are no more uncolored cells in the rows and columns containing configurations 9 and 10. Furthermore, note that configurations 9 and 10 are essentially the same since switching the two columns containing them we obtain one from the other.
After introducing configurations 3, 4, 5, 6, 7, 8, 9 and 10, note that all the uncolored cells of A (more precisely of a rearrangement of A) must be either: a cell of configurations 3, 4, 5, 6 or in C. If an uncolored cell is in C, then it is either a cell of configurations 7, 8, 9 or 10, or it is an uncolored cell such that it is the only uncolored cell in its row and in its column. This follows from the way we defined the configurations.
Let n 3,5 be the number of configurations 3 and 5, n 4,6 be the number of configurations 4 and 6, n 9,10 be the number of configurations 9 and 10 in A. Finally, let n 11 be the number of columns with exactly one uncolored cell such that the uncolored cell is the only uncolored cell in its row.
Since configurations 3, 4, 5 and 6 and the k × l rectangle C must fit inside A without overlapping, considering the sidelengths of A we obtain the following inequalities:
Combining (1) and (2) we get 4(n 3,5 + n 4,6 )
We distinguish four cases depending on the number of configurations 7 and 8 present in C. By construction this number is 0 or 1 for each of these two configurations.
Case 1. There is exactly one configuration 8 and no configuration 7 in C (1 l, 2 k). Denote by U the number of uncolored cells in A. Then U = 4(n 3,5 + n 4,6 ) + 2 + 3n 9,10 + n 11 . Considering the sidelength of C we get that 1 + 2n 9,10 + n 11 l, which inequality implies n 9,10 l−1 2 , which together give 2 + 3n 9,10 + n 11 1 + l + l−1
.
Combining the latter inequality with (3), we deduce U = 4(n 3,5 + n 4,6 ) + 2 + 3n 9,10 + n 11 4
rewriting this yields
If l is even, then − . Therefore, we obtained U 8n 5 for all cases except l ∈ {1, 3}. Examining n modulo 5, it is easily seen that U 8n 5 , for all cases but n = 5m + 1 and l = 1, or n = 5m + 3 and l ∈ {1, 3}. We consider these subcases in the following.
From (5) and (6) we obtain U 8n 5 .
If k is strictly greater than l, then (5) and (6) show U 8n 5 . In case l = k = 3, (3) gives n 3,5 + n 4,6 2m. We claim that the lower right-hand-corner 3 × 3 square contains no more than 3 uncolored cells. This holds since the rows of the cells of configuration 8 contain no other uncolored cells but the ones from configuration 8. The remaining row contains at most one uncolored cell, since we assumed there no configuration 7. Thus, U = 4(n 3,5 + n 4,6 ) + 3 8m
There is exactly one configuration 7 and no configuration 8 in C. Considering the sidelength of C we get 2 + 2n 9,10 + n 11 l, which inequality implies n 9,10 l−2 2 , which together give 2 + 3n 9,10 + n 11 = 2 + 2n 9,10 + n 11 + n 9,10 l + l−2 2 . Combining this with (3), we conclude U = 4(n 3,5 + n 4,6 ) + 2 + 3n 9,10 + n 11 4
If l is even, then: − Considering the sidelength of C we get 3 + 2n 9,10 + n 11 l, which inequality implies n 9,10 l−3 2 , which together give 4 + 3n 9,10 + n 11 = 3 + 2n 9,10 + n 11 + n 9,10 + 1 l + l−3 2 + 1. Combining this with (3), we obtain: U = 4(n 3,5 + n 4,6 ) + 4 + 3n 9,10 + n 11 4 Case 4. C contains none of configurations 7 and 8. Considering the sidelength of C we get 2n 9,10 + n 11 l, which inequality implies n 9,10 l 2 . Hence, 3n 9,10 + n 11 = 2n 9,10 + n 11 + n 9,10 l + l 2 . Combining this with (3) we obtain: U = 4(n 3,5 + n 4,6 ) + 3n 9,10 + n 11 4
If l is even, then: − 
Example and construction
In this section we provide a partial coloring for n = 5 and n divisible by 10 with exactly n 2 − Given the n × n square, divide it into 5 × 5 squares so that we have exactly Also, the 5 × 5 squares on the main diagonal are colored with eight colors, {1, 2, 3, 4, 5, 6, 7, 8} as in the partial coloring of the 5 × 5 square in the construction for n = 5; if some cell was uncolored in the construction, let it be uncolored here, too.
Note that the partial coloring of the n × n square just described uniquely extends to L(n, 2n − 2). Also, there are exactly 
